General Stratum Orthogonal Arrays
constructions and properties

Ulrike Gromping

17 December 2022, CMStatistics London

SOAs):

HIuyoa Jn,l\g

8|NYISYO0H Jauljiag



Thanks

T

Introduction
Thanks
Preliminaries

Constructions,
Part 1

Properties

General criteria for
computer experiments

strength
Stratification pattern

Constructions,
Part 2

Final Remarks

References

Ulrike Gromping

General Stratum Orthogonal Arrays (GSOAS)



Thanks

A big Thank You to Rob Carnell!
He provides
m Galois field arithmetics in his R package lhs

m and a home on his Github repository
(https://github.com/bertcarnell/SOAS)

for my R package SOAs.
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General Stratum Orthogonal Arrays (GSOAS)

Goal

B accommodate quantitative experimental variables,
especially for computer experiments

m good space-filling properties

m good low-dimensional stratification properties

Terminology

m He and Tang (2013) proposed “Strong Orthogonal Arrays”
m Better name for these: “Stratum Orthogonal Arrays”
m “G" added for generalization by Tian and Xu (2022)

(G)SOAs

m starting point: an OA with s-level columns
m outcome: a (G)SOA with columns in st levels
m method: expand the levels of the s-level OA
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Three SOAs with three 8-level columns in 16 runs (s = 2,/ = 3)
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Shi Tang He Tang Liu Liu

1 00O 1 10 0O 1 0
3 2 2 3 3 2 2 1 3
2 1 6 1 0 5 0O 3 5
0O 3 4 3 2 7 2 3 6
0O 6 3 0O 5 1 1 7 2
2 4 1 2 7 3 3 7 1
3 7 5 0 4 4 i 5 7
1 5 7 2 6 6 3 5 4
7 3 1 5 1 1 4 2 3
5 1 3 7 3 3 6 2 O
4 2 7 5 0 4 4 0 6
6 0 5 7 2 6 6 0 5
6 5 2 4 5 0 5 4 1
4 7 0 6 7 2 7 4 2
5 4 4 4 4 5 5 6 4
7 6 6 6 6 7 7 6 7
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OA strength B/HT

Introduction
Thanks

Preliminaries

An OA has strength t S;Drr:sitructions,
< Properties
any subset of t columns is a (possibly replicated) full factorial. S

Stratification pattern

Constructions,
Part 2

strength + 1 = resolution Final Remarks

References

The above 2-level OA has OA strength 3,
the 8-level SOAs have OA strength 1.
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Coarsening and expanding the levels of the He Tang SOA

GSOA He Tang He Tang He Tang

2 3 0 1 1 0 O 0 O 0O 0 O
6 6 4 3 3 2 11 1 0O 0 O
3 1 10 1 0 5 0O 0 2 0O 0 1
7 5 15 3 2 7 i 1 3 0O 0 1
1 11 3 0O 5 1 0O 2 O 0 1 0
4 14 7 2 7 3 1 3 1 0 1 0
O 9 8 0O 4 4 0O 2 2 0O 1 1
5 12 12 2 6 6 1 3 3 0O 1 1
10 2 2 5 1 4 2 00 1 00
15 7 6 7 3 3 3 1 1 1 00
11 0 9 5 0 4 2 0 2 i 0 1
14 4 13 7 2 6 3 1 3 10 1
8 10 1 4 5 0 2 20 1 1 0
12 15 5 6 7 2 3 3 1 i 10
9 8 11 4 4 5 2 2 2 i 1 1
13 13 14 6 6 7 3 3 3 1 1 1
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Coarsening and expanding the levels of the He Tang SOA B/HT

GSOA He Tang He Tang He Tang Introduction
2 3 0 i1 0 0O 0 O 0O 0 O
6 6 4 3 3 2 i1 1 0O 0 O ponsiruetons
3 1 10 i 0 5 0O 0 2 0O 0 1 oropertios
75 15 L
4 14 7 Constctons
O 9 8 0O 4 4 0 2 2 0O 1 1 Part 2

5 12 12 2 6 6 1 3 3 O 1 1 Final Remarks
10 2 2 5 1 1 2 0 0 1 O 0 References
15 7 6 7 3 3 3 1 1 1 00
11 0 9 5 0 4 2 0 2 i 0 1
14 4 13 7 2 6 3 1 3 i 0 1

8 10 1 4 5 0 2 20 i1 0
12 15 5 6 7 2 3 3 1 i 10 o
9 8 11 4 4 5 2 2 2 1 1 1 ‘0
13 13 14 6 6 7 3 3 3 11 1
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Projections %T

Any subset of d columns of a (G)SOA is called a d-dimensional (dD) Introduction
projection.
Constructions,
dl d2 d3 P;)rr:si ructions
Properties
1 D [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] General criteria for
computer experiments
Strength
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7 Stratification pattern
Constructions,
d; xd, dy xds dy xds part2
. - . . - - . . - Final Remarks
6 - - 6 - - 6 - . References
5m L} 5n L} 5 [ ] L}
4 m L[] 4 m L[] 4 m [ ]
2D
3 [ ] [ ] 3 [ ] [ ] 3 L} [ ]

1 [ ] [ ] 1 [ ] [ ] 1m [ ] .

0 [] [] 0 [] [] 0 []
0 1 2 3 4 5 6 7 0O 1 2 3 4 5 6 7 0O 1 2 3 4 5 6 7

*
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(G)SOAs: Equation-based level expansion

m start from an s-level OA A, (A - s%) x m),
expand to m columns in st levels

m implemented via the /-summand equation
D=s""A, +s"2A,+ - +s°A,,

with A, A,, ..., A, s-level OAs (some of which may have strength 1)

m All SOA constructions can be cast as choices for A, A,, ... , A,
(see Gromping 2022a for a review)

m OA strength of A, is upper bound for SOA strength
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Equation for / < 3

¢ < 3: avoid subscripts by using distinct letters, e.g.
D=s’"A+s-B+C
with A, B and C s-level OAs.
m OA strength of A is upper bound for SOA strength

m Derive a SOA construction for s level columns:

m derive suitable A, B, C for creating D with good properties
m literature on relation of matrix properties to properties of the SOA
(reviewed in Gromping 2022a)
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Conventional space-filling B/HT

Introduction
Thanks

Preliminaries

Constructions,
Part 1

Properties
General criteria for

m important, but not a key topic of this talk

Strength
Stratification pattern

m implementation for SOAs:
Constructions,

W Use criterion ¢p (small=good) as a proxy for maximin distance Part 2
(large=good) Final Remarks
References
m optimize using parsimonious algorithm proposed by Weng (2014)
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Column Orthogonality

m column orthogonality <= pairwise correlation zero
m some SOA constructions enforce orthogonality

m Liu and Liu even enforces 3-orthogonality (Bingham, Sitter and Tang
2009): correlation zero also with second order model matrix columns

m enforcing orthogonality may imply worsening space-filling
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Original SOA strength

m strengtht = s’ levels

m all dD projections (d < t) stratify into s' equally-sized strata,
regardless of coarsening combination

m all three example SOAs (s = 2, t = 3) have strength 3:

m 8 for 1D (trivial),

m 4 X2 and 2 X 4for 2D,

m 2 X 2 X 2for 3D (two points in each orthant)
obvious from OA strength of matrix A

m qualifiers modify the narrow original definition (2%, 2+, 3—, 3+, ...)

m The Shi and Tang example SOA has strength 3+ (see below).
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Balance for 22 strata: 2D projections for He Tang SOA

dlxdg

dzxdg

dyxds

4x2 2x4

7 [ ] [ ] 7 [ [
6 [ ] [ ] 6 n n
5m [ ] 5m []
4m u 4m u

3 [ [ 3 []

2 [ ] [ ] 2 [ ]

1 [ ] 1 = []
0 L] 0 = [ ]
0 2 4 6 0 2 4 6
7 [ ] [ ] 7 [ [
6 [ ] [ ] 6 u u
5m L] 5m []
4m [ ] 4m [ ]

3 [ ] [ ] 3 [ ]

2 [ ] [ ] 2 u

1 L] 1 = []
0 [ ] 0 = [ ]
0 2 4 6 0 2 4 6
7 [ [ ] 7 [ ] [
6 [ ] [ ] 6 n

5 [ ] 5 [ ] [ ]

4m u 4m u
3 [] [ 3 [

2 [ ] [ ] 2 [ ] n
1= [ ] 1= [ ]
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Variants of seeing s’ strata in dD &HT

Introduction
Thanks
Preliminaries

Constructions,
Part 1

Properties

General criteria for
computer experiments

Each composition / = (| + --- ++ /, of d positive integers

implies a specific set of dD 2! strata with coarsening combination constructions.

Sﬂl X eee X Sgd_ Final Remarks
References
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Imbalances for 2* strata: 2D projections for He and Tang %T

8x2 4x4 2x8 _
Introduction
7 [} [ 7 [ [} 7 [] u Thanks
6 [ ] L] 6 [ ] [ ] 6 [ ] [ ] Preliminaries
M- " °B " SR = Constructions,
d X 4m [ ] 4m [ ] 4m [ ] !
1 d 2 3 L] ] 3 ] ] 3 g O Part 1
2 ™ n 2 = n 2 u u Properties
1 |= " 1 = " 1_= " General criteria for
0 [ ] [ ] 0 [ ] [ ] 0 [ ] [ ] computer experiments
0 2 4 6 0 2 4 6 0 2 4 6 strength
Stratification pattern
7 L] [ ] 7 [ ] [ 7 [ L]
6 0 0 6 0 0 6w | = Constructions,
5m L] 51 n 5m n Part 2
d2 x d3 4m = 4m = 4m O Final Remarks
3 L] [] 3 [] [ 3 [ [
2 u L 2 = u 2 = L References
1 (m [ ] 1 = [ ] 1 = [
0 |m [ ] 0 = [ ] 0 = [
0 2 4 6 0 2 4 6 0 2 4 6
7 L] L] 7 L] [ 7 [ [
6 L] [ ] 6 u n 6 [ [
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Modern (G)SOA strength (Tian and Xu 2022)

(G)SOA decouple strength t and number of levels st

m / > t(e.g. strength 2*) or £ < t(e.g. strength 3—) per construction
m change number of levels by expanding (or rarely also collapsing)
levels of an existing s' level SOA

(G)SOA strength t: all possible stratifications in dD projections (d < t) into
at most s' strata are balanced

m in mathematical terms:
strengtht <= entries S,, ..., S, of stratification pattern are zero

m Non-existence of stratification does not count as imbalanced,
only imbalance in existing stratifications does.

m The Shi Tang SOA (3 columns at 2° levels in 16 runs) has strength 4 now,
although 1D and 4D projections with 16 strata do not exist.
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Stratification pattern

Tian and Xu (2022) defined a “space filling pattern”, called “stratification

pattern” here:
Sty s Smps

where m is the number of columns and s’ is the number of levels.
® The j-th entry measures imbalance for stratification into & strata.
[ ] Sj = 0: there are no unbalanced stratifications into s’ strata

m Entry S; can be decomposed into contributions from dD projections,
d=1,...,J.
m The S; are closely related to the GWLP by Xu and Wu (2001):
m they also consist of (differently grouped) sums of squared column sums
of normalized orthogonal model matrix columns

m their computation can be resource-intensive
m see also Gromping (2022b)
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Stratification patterns for the example SOAs

1 2 3 4 56 7 8 9
ShiTang 0 0 O O 12 3 6 6 4
HeTang 0 0 0 5 3 6 7 6 4
LuLiu O O 0 5 3 6 7 6 4
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Thanks

Preliminaries
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References
m Shi and Tang has the best stratification pattern: no imbalance in
stratifications into 2* = 16 strata (strength 4).
B The other two SOAs have the same stratification patterns.
L
‘.
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Stratification patterns decomposed by dimension B/HT

1 2 3 4 5 6 7 8 9 GWLP ntroduction
He Tang
iD o oo . . . . . . 0 Part 1
2D O O 5 2 2 . . . 9 Properties
3D . .. 0 0 1 4 7 6 4 22 i
Sum 0O O O 5 3 6 7 6 4 31 e oot
Liu Liu (P:;)rrt]sztructions,
1D O O O - - - - - 0 Final Remarks
2D .00 4 2 3 . . . 9 Ceforencos
3D . .. 01 1 3 7 6 4 22
Sum O O O 5 3 6 7 6 4 31
m He Tang has five 16-strata imbalances in 2D (we saw them!) and none
in 3D, o
m Liu Liu has one 3D 16-strata subdivision that is not balanced {
(2 X 4 X 2)and 4in 2D. ¢
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Imbalances for 2* strata: 2D projections for He and Tang %T
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Constructions: Overview (see also Grémping 2022a)

m He and Tang (2013, 2014): strength t SOAs with s level columns

m Liu and Liu (2015): strength t SOAs with (fewer) orthogonal columns
(OSOAs), 3-orthogonal for strength at least 3

m t = 2, Li, Liu and Yang (2021): many orthogonal columns with s® levels
in strength 2 with 1D and 2D balance of strength 3 (2*)

m t = 2, He, Cheng and Tang (2018) and Zhou and Tang (2019): many
columns with s? levels and 2D balance of strength 3 (2+):
He et al. more columns, Zhou and Tang orthogonal

m s = 2, t = 3: Shi and Tang (2020) obtained 8-level columns with
additional strength 4 balance properties

m Tian and Xu (2022) discussed to expand the levels of (G)SOAs to the
maximum possible number (to ideally obtain LHDS).
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Coarsening and expanding the levels of the He Tang SOA

GSOA He Tang He Tang He Tang

2 3 0 1 1 0 O 0 O 0O 0 O
6 6 4 3 3 2 11 1 0O 0 O
3 1 10 1 0 5 0O 0 2 0O 0 1
7 5 15 3 2 7 i 1 3 0O 0 1
1 11 3 0O 5 1 0O 2 O 0 1 0
4 14 7 2 7 3 1 3 1 0 1 0
O 9 8 0O 4 4 0O 2 2 0O 1 1
5 12 12 2 6 6 1 3 3 0O 1 1
10 2 2 5 1 4 2 00 1 00
15 7 6 7 3 3 3 1 1 1 00
11 0 9 5 0 4 2 0 2 i 0 1
14 4 13 7 2 6 3 1 3 10 1
8 10 1 4 5 0 2 20 1 1 0
12 15 5 6 7 2 3 3 1 i 10
9 8 11 4 4 5 2 2 2 i 1 1
13 13 14 6 6 7 3 3 3 1 1 1
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Projections: GSOA versus SOA T

Filled Gray: SOA Introduction

Thanks

Open Green: GSOA

Constructions,

dl dz d3 Part 1
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
Properties
1D (== = = = = = = I e e = = I e e (== = = = = = I I e e e = e e e {=10= = = = e = = I e e e = = e e General criteria for
computer experiments
Strength
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7 Stratification pattern
Constructions,
Part 2
dyxds dyxds d; xds
0 2 4 6 8 10 12 14 Final Remarks
7 o 14 7 o 14 7 o 14
o o o References
6 o 12 6 e 12 6 o 12
o o o
5 o 10 5 o 10 5 o 10
o o o
o =} o
2D 4 o 8 4w 8 4 o 8
o o o
3 o 6 3 o 6 3 d 6
o o o
2 o 4 2 o 4 2 o 4 .
o o o
1 ] 2 1 - 2 1 ] 2 '
o o o ’
0 o 0 0 o 0 0 o 0
0 2 4 6 0 2 4 6 0 2 4 6
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Imbalances for 2* strata: 2D projections for He and Tang GSOA
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Imbalances for 2* strata: 2D projections for He and Tang GSOA B/HT
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Final Remarks

m (G)SOAs are an interesting class of arrays

m they have a strong relation to OAs

m only discussed single array (G)SOAs without slicing or other
modifications

m limited experience with SOA usage
m simulations by Tian and Xu with the borehole function (Fang et al. 2006)
indicate good performance of high strength SOA

m Stratification patterns and their decomposition into dimensional
contributions provide insights - but are computer-intensive for larger

arrays.
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